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Abstract 

In this paper, we consider the existence and non-existence of non-trivial 
solution to a Brezis-Nirenberg type problem with singular weights. First, 
we obtain a compact imbedding theorem which is an extension of the clas- 
sical Rellich-Kondrachov compact imbedding theorem, and consider the 
corresponding eigenvalue problem. Secondly, we deduce a Pohozaev type 
identity and obtained a non-existence result. Thirdly, based on a general- 
ized concentration compactness principle, we will give some abstract con- 
ditions when the functional satisfies the (PS) C condition. Finally, based on 
the explicit form of the extremal function, we will obtain some existence 
results to the problem. 

Key Words: Brezis-Nirenberg problem, singular weights, Pohozaev type 
identity, (PS) C condition 

Mathematics Subject Classifications: 35J60. 



1 Introduction. 



In this paper, we consider the existence and non-existence of non-trivial solution 
to the following Brezis-Nirenberg type problem with singular weights: 

-div (\x\- ap \Du\ p ~ 2 Du) = \x\- bq \u\ q - 2 u + \\x\-( a+ V p+c \u\ p - 2 u, in Q 

(1.1) 

u — 0, on dQ, 
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where O C R" is an open bounded domain with C 1 boundary and G fi, 1 < 
p < n, -oo < a < V ^ R , a < b < a + 1, q = p*(a,b) = ^j-L, d = l + d- 6G 
[0, 1], c>0. 

The starting point of the variational approach to these problems is the following 
weighted Sobolev-Hardy inequality due to Caffarelli, Kohn and Nirenberg [CKNJ, 
which is called the Caffarelli-Kohn-Nirenberg inequality. Let 1 < p < n. For all 
u G C^(R n ), there is a constant C a ^ > such that 

(f \x\~ bq \u\ q dxY /q < C a)b [ \x\- ap \Du\ p dx, (1.2) 

where 

Tl — p Tip 

— oo < a < , a < b < a + 1, q = p*(a,b) = — , d = 1 + a — b. (1.3) 

p n — dp 

Let T>\ ,P (VL) be the completion of C^°(lR n ), with respect to the norm || • || defined 

by 

\\u\\ = ( [ \x\- ap \Du\ p dx 1,! ' 



From the boundedness of Q and the standard approximation argument, it is easy 
to see that (jl.2j) holds for any u G Vl ,p (fl) in the sense: 

\x\- a \u\ r d x y /r < C J \x\- ap \Du\ p dx, (1.4) 

for 1 < r < 2 < (1 + a) + n(± - i), that is, the imbedding V l f(n) ^ 

L r (Q, \x\~ a ) is continuous, where L r (Q, \x\~ a ) is the weighted U space with norm: 

l/r 



IMIry* := ||«|U'-(n ) | a ;|-«) = \ J \x\~ a \u\ T d-'' 

On T?l ,p (Q), we can define the energy functional: 

E x (u) = - [ \x\~ ap \Du\ p dx [ \x\- bq \u\ q dx-- [ \x\- {a+1)p+c \u\ p dx. (1.5) 
P Jn Q Ju P Jn 

From dEU), E \ is well-defined in V a > p (n), and E\ G C 1 (Dl' p (Q),M.). Furthermore, 
the critical points of E\ are weak solutions of problem (jl.ll) . 

We note that for p = 2, a = b = and c = 2, problem (|1.1|) becomes 

—Am = \u\ q ~ 2 u + Am, in Q 

(1.6) 

u — 0, on dQ, 
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where q = 2* = is the critical Sobolev exponent. Problem (jl.fi j) has been 
studied in a more general context in the famous paper by Brezis and Niren- 
berg jBNj . Since the imbedding Hq(Q) <—> L q (Q) is not compact for q = 
the corresponding energy functional does not satisfy the (PS) condition globally, 
which caused a serious difficulty when trying to find critical points by standard 
variational methods. By carefully analyzing the energy level of a cut-off func- 
tion related to the extremal function of the Sobolev inequality in R n , Brezis and 
Nirenberg obtained that the energy functional does satisfy the (PS) C for some 
energy level c < ^S n ^ 2 , where S is the best constant of the Sobolev inequality. 

Brezis-Nirenberg type problems have been generalized to many situations (see 
[HHIIEITTI IEH21 IHV1 I7S1 INT1 IP51 1X01 IZXF] and references therein). In F.I 12 
IGVj IZXP] . the results of jBNj had been extended to the p-Laplace case; jPSj IXCj 
extended the results of jBNj to polyharmonic operators; Jannelli and Solomini jJSj 
considered the case with singular potentials where p = 2, a = 0, c = 2, b G [0, 1]; 
while jCGj considered the weighted case where p = 2, a < t± y l , b e [a, a+1], c > 0, 
and [NLJ considered the case where p = 2, a = and Q is a ball. 

All the above references are based on the fact that the extremal functions are 
symmetric and have explicit forms. In jCCj . based on a generalization of the 
moving plane method, Chou and Chu considered the symmetry of the extremal 
functions for a > 0, p = 2; In HT , Horiuchi successfully treated the symmetry 
properties of the extremal functions for the case p > 1, a<0bya clever reduction 
to the case a = (where Schwarz symmetrization gives the symmetry of the 
extremal functions); On the contrary, there are some symmetry breaking results 
(cf. |DW1 |EWj) for a < 0. We define 

5(0,6)= inf E a>b (u), (1.7) 
to be the best embedding constants, where 



\x\- ap \Du\ p dx 

E a , b (u) = -^p , (1.8) 



( / \x\- h i\u\ q dx) p/q 

JW 1 



and 



S R (a,b) = inf E a>b (u) 
ue^;P(R»)\{o} 



where V l * R (R n ) = {u e Vl' p (R n ) | u is radial}. It is well known that for a < ^ 
and b — a < 1, S R (a,b) is always achieved and the extremal functions are given 
by 

71 — dp 

U a ,b{r) = c 1 dp(n . p . pa) ) (1-9) 

V X _l_ r (p-i)(„-d P ) 7 
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where 

■» = ( (p-l^i(n-,») )^- (L10) 

Under some condition on parameters a, b, n, p, |CW| IBW] obtain that S(a, b) < 
Sr(ci, b) for a < 0. In this case, it is very difficult to verify that the corresponding 
energy functional satisfies the (PS) C condition. 

In section 2, based on the Caffarelli-Kohn-Nirenberg inequality and the clas- 
sical Rellich-Kondrachov compactness theorem, we will first deduce a compact 
imbedding theorem and study the corresponding eigenvalue problem: 

-div( \x\~ ap \Du\ p - 2 Du) = X\x\- ( - a+1 ^ +c \u\ p - 2 u, in Q 

(1.11) 

u — 0, on dfl. 

In section 3, based on a Pohozaev type identity, we obtained a non-existence result 
for problem (Jl.lj) with A < 0. In section 4, based on a generalized concentration 
compactness principle, we shall give some abstract conditions when the functional 
satisfies the (PS) C condition. In section 5, based on the explicit form of the 
extremal function, we will obtain some existence results to problem ([Lip . 



2 Eigenvalue problem in domain general 

In this section, we first deduce a compact imbedding theorem which is an exten- 
sion of the classical Rellich-Kondrachov compactness theorem. 

Theorem 2.1 (Compact imbedding theorem) Suppose that Q C 1R™ is an 
open bounded domain with C 1 boundary and 6 O, 1 < j)< n, — oo < a < — -. 
The imbedding T>\ ,p '(Q) <^-> L r (Q, \x\~ a ) is compact if 1 < r < a < (l + a)r + 

Proof. The continuity of the imbedding is a direct consequence of the Caffarelli- 
Kohn-Nirenberg inequality (J1.2J) or (|1.4jl . To prove the compactness, let {u m } be 
a bounded sequence in V^ P {VL). For any p > with B p (0) C Q is a ball centered 
at the origin with radius p, there holds {u m } C W 1,P (Q \ B p (0)). Then the 
classical Rellich-Kondrachov compactness theorem guarantees the existence of a 
convergent subsequence of {u m } in L r (Q\B p (0)). By taking a diagonal sequence, 
we can assume without loss of generality that {u m } converges in L r (Q \ B p (0)) 
for any p > 0. 

On the other hand, for any 1 < r < ^£1L, there exists a b G (a, a + 1] such 
that r < q = p*(a,b) = d=l + a- be[0, 1). From the Caffarelli-Kohn- 

Nirenberg inequality (jl.2j) or (jl.4|) . is also bounded in L q (Q, \x\~ bq ). By the 
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Hoder inequality, for any 5 > 0, there holds 

Y dx 

x\<8 

< ( / |x| _ ^ Q!_6 ''9 =? dx ) q ( \x\~ br \u m — Uj\ r dx) 

~ W W <| ' / Wn M ' W / (2.1) 

= Co v ; «- r , 

where C > is a constant independent of m. Since a < (1 + a)r + n(l — -), there 
holds n — (a — br)-^ > 0. Therefore, for a given e > 0, we first fix 5 > such 
that 

M~ a |wm — Uj\ r dx < -, V m, j G N. 

x| <<5 * 

Then we choose iV G N such that 

Jn\B s (o) Ju\b s (o) 2 

where C Q = 5~ a if a > and C a = (diam (fi)) -0 if a < 0. Thus 



M a |^m — Mj| r dx < e, V m, j > N, 
that is, {u m } is a Cauchy sequence in L q (Q, \x\~ bq ). 



Remark 2.2 16*6] / /jac? obtained Theorem \2.1\ for the case p = 2. 

In order to study the eigenvalue problem (jl.lljl . let us introduce the following 
functionals in T>^ p (Vt): 

: = / |x|- ap |D«| p dx, andJ(w) := / |xr (a+1)p+ >| p cfe. 

For c > 0, J is well-defined. Furthermore, $, J G C 1 (P^' p (f2), R), and a real value 
A is an eigenvalue of problem (jl.lljl if and only if there exists u G Vl ,p (Q) \ {0} 
such that $'(/u) = XJ'(u). At this point let us introduce set 

M:={ue V l *(VL) : J(u) = 1}. 

Then M. ^ and .M is a C 1 manifold in It follows from the standard 

arguments that eigenvalues of (jl.lljl correspond to critical values of <&\m- From 
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Theorem 12. 1\ $ satisfies the (PS) condition on M.. Thus a sequence of critical 
values of Q\m comes from the Ljusternik-Schnirelman critical point theory on 
C 1 manifolds. Let 7(^4) denote the Krasnoselski's genus on T>l^ p (Q) and for any 
k eN, set 

Tfc := {A C M. : A is compact, symmetric and 'y(A) > k}. 
Then values 

A fc := inf max$(«) (2.2) 

are critical values and thence are eigenvalues of problem (Jl.llj) . Moreover, Ai < 
A 2 < • • • < A fc < • • • — > +oo. 

From the Caffarelli-Kohn-Nirenberg inequality ()1.2|) or (jl.4j) . it is easy to see 
that 

Ax = inf{$(«) : u G ^ ,p (fi), J{u) = 1} > 0, 
and the corresponding eigenfunction ei > 0. 



3 Pohozaev identity and non-existence result 



In this section, we deduce a Pohozaev-type identity and obtain some non-existence 
results. First let us recall the following Pohozaev integral identity due to Pucci 
and Serrin [PSIJ: 



Lemma 3.1 Let u G C 2 (Q)C\C 1 (Q) be a solution of the Euler-Lagrange equation 

(3.1) 



div{J r p(x } u } Du)} = JF u (x,m, Du), inVt 
u = 0, on dfl, 



where p = (pi, ■ • • ,p n ) = Du = (du/dxi, ■ ■ ■ ,du/dx n ) and T u = dT/du. Let 
A and h be, respectively, scalar and vector-value function of class C 1 ^) fl C(Cl). 
Then there holds 



J an 



du 

T{x, 0, Du) — — — T Pi {x, 0, Du) (h ■ v) ds 

OX,; 



J lyT{x,u, Du)divh + hi!F Xi {x,u, Du) 

r du dhj dA-, 
-tdx-dx~ + U ^ :F ^ U > Du) 



(3.2) 



du ~\ 
-A \— — Tpix, u, Du) + uT u {x, u, Du)] > dx, 
l dxi ) 



where repeated indices i and j are understood to be summed from 1 to n. 
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Let us consider the following problem: 

— div (\x\~ ap \Du\ p ~ 2 Du) = g(x,u), in f2 
u — 0, on dQ, 

where g satisfies g(x, 0) = 0. Suppose that ^{x.u, Du) = -\x\~ ap \Du\ p — G( 



(3.3) 



x, it 



p 

where G(x, u) = J " g(x,t) dt is the primitive of g(x,u). If we choose h(x) 



'0 

X , A = 2 - (l + a), then (jSI2D becomes 



(1-1) / 



nG(x, u) + (x, G x ) + (1 + a )ug(x, u)~\ dx. 



As to problem (11.11) . suppose that G(x,u) = -\x\ bq \u\ q + —\x\ v( 1+a ) +c \u\ p , then 
(P or flUHJ) becomes 

(1-1)/ (x-z/)|^| p cis = — / |x|-( a+1 ) p+ >| p dx. (3.5) 



P /an <^ P ^ 

Thus we obtain the following non-existence result: 

Theorem 3.2 There is no solution to problem M.l\) when A < and Q is a 
(smooth) star-shaped domain with respect to the origin. 

Proof. The above deduction is formal. In fact, the solution to problem (|l.lj) 
may not be of class C 2 (Q) D C We need the approximation arguments in 
and [00] (cf. Appendix A). ■ 



4 (PS) C condition 

In this section, we first give a concentration compactness principle which is a 
weighted version of the Concentration Compactness Principle II due to P. L. 
Lions jLPLU|LPL2j. 

Theorem 4.1 (Concentration Compactness Principle) Let 1 < p < n, — oo < 

a<*=*, a < b < a + 1, q = p*(a, b) = d = 1 + a - b G [0, 1], and M(W n ) 
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be the space of bounded measures on M n . Suppose that {u m } C X?*' P (R") be a 
sequence such that: 

u m ^u in Vl' p (R n ), 

l^m '■= | |^| a -D^m| | P dx — ^ ji in M(M n ), 
v m ■= \\x\ b u m \\ 9 dx ^ v in M{M n ), 
u m — *■ u o,.e. on M n . 

There there hold: 

(1) There exists some at most countable set J, a family {xS>' : j E J} of 
distinct points in M n , and a family {u^' : j E J} of positive numbers such 
that 

tlx • XV '>, , • (4.1) 

jeJ 



ll 1-6 l\1 

v — \ \x\ u\ 



where 5 X is the Dirac-mass of mass 1 concentrated at x EM n . 
(2) There holds 

H> \ \x\- a Du\\ p dx + ^^5 x u), (4.2) 

for some family {jJ.^ > : j E J} satisfying 

S{a, b) (u^) p/q < fi®, for all j E J. (4.3) 
In particular, (v^Y^ < 00 ■ 

Proof. The proof is similar to that of the Concentration Compactness Principle 
II (see also |BMp . 

Theorem 4.2 Let 1 < p < n, — oo < a < a < b < a + 1, q = p*(a, b) = 
^j- 3 d = 1 + a — b E (0, 1], c > andO < X < X\. Then functional E\ defined in 
hl.5\) satisfies the (PS) C condition inT>\ ,p (Vt) at the energy level M < -S(a,b)*p . 

Proof. 1. The boundedness of (PS) C sequence. 

Suppose that {u m } C V l a ,p {VL) is a (PS) C sequence of functional E\, that is, 

E x (u m ) - M, and E' x (u m ) -> 0, in {V 1 /^))'. 
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Then as m — > oo, there hold 
+ o(l) = E\{u m ) 

— / I oc I 1 D 11 I doc / I oc I I Ujjyi I doc / I oc | | f Hiiyy% | doc 

PJn q Jci V Jn 

(4.4) 

and 

o(l)|M| = (£aKO,¥>) 

= / \x\~ ap \Du m \ p ~ 2 Du m ■ Dipdx - / |s| _fe9 |M m | 9 " 2 u m v9(ia; (4 5) 
in Jn 

-A / |x|- (a+1)p+ > m | p - 2 w m <^x 



for any ip G ©^(fl), where o(l) denotes any quantity that tends to zero as 
m — > 00. From (|4.4j) and (|4.5J1 . m — > 00, there holds 

qM + o(l) + o(l)||ii m || = qE x (u m ) - (E x {u m ),v) 



-1) / \x\- ap \Du m \ p dx 
P (A 6) 

-A(^ - 1) /„ |x|-( a+1 ) p+c |M m | p - 2 M m wrfx 1 ' ' 

= (--i)(i-^)ik m r, 

P Ai 

that is, {u m } is bounded in Vl' p (Q), since g > p, A < Ai. Thus up to a subse- 
quence, there hold 



u m - u in 

u m — u in L 9 (fi, |x| 



-bq\ 



u m ^u in Z7( 0) Vl<r<i f<(l + a) + n(i-i) 

■u m — > it a.e. on Vt. 

From the concentration compactness principle-Theorem 14.11 there exist non- 
negative measures /x, v and a countable family {xj} C f2 such that 

M~ 6 |w m | 9 dx — ^ v = I | 9 + v^8 x v), 

\\x\- a Du m \\ p dx -± ll > \\x\~ a Du\\ P dx + S(a,b) £ (f^)"^. 



2. Up to a subsequence, u m — > it in L q (Q, \x\ 



-bq\ 
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Since {u m } is bounded in Vl ,p (Q), we may suppose, without loss of generality, 
that there exists T G (l p '(ft, |x|~ ap )) such that 

\Du m \ p - 2 Du m - T in (V(ft, \x\- ap )J. 

On the other hand, \u m \ q ~ 2 u m is also bounded in and 

W~Vn ^ \u\ q - 2 U in L 9 '(ft, | | ~ 

Taking m —>■ oo in (|4.5jl . there holds 

/ |x|~ ap T-LVdx = / \x\~ bq \u\ q ~ 2 uip dx + \ [ \x\- {a+1)p+c \u\ p - 2 u^dx, (4.7) 
Jn Jn Jn 

for any tp G l£ p (ft). 

Let if = ipu m in (|4.5jl . where if) G C(ft), then there holds 



/ \x\ ap \Du m \ p 2 Du m ■ D(pdx = / \x\ b9 \u m \ q 2 u m (pdx 
Jn Jn 

+X [ \x\^ a+ ^ p+c \u m \ p - 2 u m y + o(l). 



n 



Taking m — > oo in (|4.8jl . there holds 

ipdfi+ [ \x\- ap uT ■ Dip dx = [ ipdu + X [ \x\~ {a+1)p+c \u\ p <if)dx. (4.9) 
n in Jn in 

Let = in (|4.7jl . then there holds 

^ . (4.10) 

ixr 6g |Miv^+A / ixr (a+i)p+ >i p ^^- 

Jn 

Thus fPD- (l4"TUl) implies that 

/ ^^Vi/^l / \x\- ap ipT ■ Dudx, (4.11) 
Jn , c7 Jn 



which implies that 



S(a,b)(v u) ) p/q <K*i) 

n 

Thence Uj > S(a,b) d p if Vj ^ 0. 
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On the other hand, from (j4.4jl . (|4~Tj) and (|4.11jl . there holds 

M = - [ dfi-- f du-- f \x\- {a+1)p+c \u\ p dx 
P Jn Q Jn V Jn 

= -Vza + - / Id^T-Ducfe- ^ Vi/,-- / |a;r b9 |u| 9 dx 

y |a;r (a+1)p+c |u| p da; ( 412 ) 

= (---)y^ "i + (---) I \x\- bq \u\ q dx 
P Q 771 V Q Jn 



I 1 

> ( ) / = ~/ U 3- 

p q ^ J n ^ J 



n , ti 

Since it has been shown that Uj > S(a, b) d ? if v 3 ^ 0, the condition c < -S(a, b) d p 
implies that Uj = for all j G J. Hence there holds 



\x\- bq \u rn \ q dx -f / \x\' bq \u\ q dx. 
n Jn 

Thus the Brezis-Lieb Lemma [BLj implies that u m — > m in L q (Q, \x\~ bq ). 
3. Existence of convergent subsequence. 

To show that w m — > u in D^' p (f2), from the Brezis-Lieb Lemma |BLj . it suffices 
to show that Du m — > -Dm a.e. in f2 and \\u m \\ — > 

To show that -Dw m — > Dm a.e. in f2, first note that 



\x 



- ap {\Du m \ p - 2 Du m - \Du\ p - 2 Du) ■ (Du m - Du) > 0, (4.13) 



the equality holds if and only if Du m = Du. 

Secondly, let <p = u m and tp = u in ()4.5|) and then let m — > oo, respectively, 
there hold 



u 



v 

m|| 



( \x\- ap \Du m \ p dx 
Jn 



bq \u m \ q dx - A / \x\-^ p+c \u m \ p dx + o(l)\\u m \\ (4.14) 



\x\ 



n Jn 
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and 

- ap \Du m \ p - 2 Du m ■ Dudx 

- bq \u m \ q - 2 u m udx-\ I \x\-( a+ V p+c \uJ p - 2 u m udx + o(l)\\u\ 



X 



\x\ 
u 

\x\ 
n 



- bq \u\ q dx-\ / \x\- (a+l)p+c \u\ p dx. 



From ()4.14j) and (|4.15jl . there holds 

/ \x\- ap {\Du rn \ p - 2 Du m - \Du\ p - 2 Du) ■ {Du m - Du) dx 
Jn 

x\- ap \Du m \ p dx - I \x\- ap \Du m \ p - 2 Du m - Dudx 



(4.15) 



/ \x\- ap \Du\ p - 2 Du- (Du m - Du) 
Jn 



(4.16) 



dx 



-> 0. 

(|4.13jl and ()4.16|) imply that Du m — > a.e. in n, hence T = \Du\ p ~ 2 Du, that 
is, |DM m | p - 2 DM m \Du\ p - 2 Du in (z/(ft, |x|- ap ))™. 

To show that ||w m || — * \\u\\, from (JHHj) and ()4.15|h there holds 

\u\ 

Jn ' 

1 3/ 1 | iiifYi | liy^w dx 

\ x \-(°+Qp+°\ u \p dx, 



\x\ 

2 


— ap 


|-DM TO | P ^Mm 


/l 












•/ 


X ' 


~ bq \u\ q dx — \ 








IIP 







thus, ||w m || P — ^ 

As indicated in the introduction, for a < 0, S^a, 6) < S^a, 6) and there is 
no explicit form of the minimizers of S(a,b), so it is difficult to show that there 

i n_ 

exists a minimax value M < -S(a, b) d p . But there does exist an explicit form 
of the extremal functions of Su(a,b), the method in |BNj can be used to show 
that there exists a minimax value M < ^Sji(a, &)*. Next theorem shows that in 
the space of radial functions, the functional E\ defined in ()1.5|) satisfies the (PS) C 
condition in T> a ' v R (tt) at the energy level M < ^S#(a, b)^ in the case p = 2. 

Theorem 4.3 Let Q = -Bi(O) the unit ball in R n , p = 2 < n, — oo < a < 
2=2, a < b < a + 1, q = 2*(a,b) = d = 1 + a - b 6 [0, 1], c > and 

< A < Aj. Then functional E\ defined in M.5)) satisfies the (PS) C condition in 
V a ' R (Q) at the energy level M < ^S R (a,b)^ . 
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Proof. 1. As in the proof of Theorem 14. 2^ any (PS) C sequence is bounded in 



T> a ' 2 R (p,), and up to a subsequence, there hold 



u m ^u in T>l ,2 R (Q), 



a,R\ 



I ■ 



Um u in L q (Vl, \x 
u m ^u in 17(0, \x\- a ), Vl<r<^, f < (1 + a) + n{\ - \) 
u m — > u a.e. on VL. 

Thence u satisfies the following equation in weak sense 

-d\v{\x\- 2a Du) = \x\- bq \u\ q - 2 u + \\x\~ 2( - a+ ^ +c u, in Q 
u = 0, on dQ. 

Thus there holds 



(4.17) 



E x {u) = - f \x\- 2a \Du\ 2 dx - - [ \x\' bq \u\ q dx - - [ \x\~ 2(a+1)+c u 2 dx 
2 Jn Q Jn 2 J n 

1 l ){f \x\- 2a \Du\ 2 dx - X [ \x\- 2{a+1)+c u 2 dx) > 0. 



v 2 q' . 

(4.18) 

2. Let f m := u m — u, the Brezis-Lieb Lemma |BLj leads to 

I \x\~ bq \u m \ q dx = [ \x\- bq \u\ q dx + I \x\- bq \v rn \ q dx + o{l). 
Jn Jn Jn 

From E\(u m ) — > c and (^(« m ),« m ) — ► 0, there hold 

E\{Urn) =E X { U ) + \ f \x\- 2a \D Vm \ 2 dx 

1 Jn 

5 in 2 in 

-> M 

and 

I \x\- 2a \Dv m \ 2 dx - [ \x\~ bq \v m \ q dx - X / |x|- 2(a+1)+c ^c/x 
Jn Jn Jn 

-> / |x|- 6 >| 9 cfx + A / |x|- 2 ( a+1 ) + Vc/x- / |x|- 2a |D«| 2 & (4 ' 20) 

in in in 

= -(£»,«) = 0. 

Up to a subsequence, we may assume that 

/ \x\- 2a \Dv m \ 2 dx - X [ \x\- 2(a+1)+c v 2 m dx -►&, / I^K^cfe 6, 
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for some b > 0. From Theorem 12. 1\ v m — > in L 2 (f2, |x| 2 ( a + 1 )+ c ) ) then 

\x\~ 2a \Dv m \ 2 dx —> b. 



n 



On the other hand, there holds 

J \x\- 2a \Dv m \ 2 dx>S R (a,b)(J \x\- bq \v m \ q dx^j 2 ^ . 

Thus there holds b > S R {a,b)b 2 / q , either b > S R (a,b)% or b = 0. If b = 0, the 
proof is complete. Assume that b > S R (a,b)^, from (j4.18|) and f)4.19|) . there 
holds 

d . . n .1 1%, , r d „ , -, , n 

-S R (a } b)^ < (- - - 6 < M < -S R (a,b)** 
n 2 q n 

a contradiction. ■ 



5 Existence results 

In this section, by verifying that there exists a minimax value c such that c < 
^S(a, or c < ^S R (a, we obtain some existence results to (Jl.lj) . We need 
some asymptotic estimates on the truncation function of the extremal function 
of S R (a, b). Let 

UJx) = -7-, > — , 

c V / dp(n — p — pa ) n — dp 1 

(fT + |x| (P _1 )( n_£i P) ) d P 

n — dp 

k(e) = c (e(n — p — ap)) dp 

and Co is defined by (jl.9j) . Then y e (x) := k(e)U £ (x) is the extremal function of 
S R (a,b). Furthermore, there hold 

q 

WDysWipiRn^-ap) = S R (a, b)^=i = k(e) p \\DU £ \\ p LP(Rn ^ ap) (5.1) 

and 

H^ £ llL'j(R«,| a ;|- i "?) — S R (a,b)i-p = k(e) q \\U £ \\ q Lq(Rn ^_ bq y (5.2) 

Let Q C W 1 be an open bounded domain with C l boundary and G fi, i? > 
such that B 2R C £1. Denote u e (x) = ip(x)U £ (x) where ip(x) = 1 for |x| < R and 
ijj(x) = for | a; | > 2R. As e — > 0, the behavior of u e has to be the same as that 
oiU e . 
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Lemma 5.1 Assume 1 < p < n, — oo < a < SS. f a < 6 < a + 1, q = p*(a,b) 



np 



, , d = 1 + a - b G [0, 1], c> 0. Let 

u £ (x) 



v £ (x) 



u £\\Li(n,\x\- b i) 

L<i{Vt,\x\- b i) 

1- ll^UWbi-^ = + 0(e (n -* )/d ); 



T/ien H^ell r„/ I i_ b „\ = 1. Furthermore, there hold 



j£ \\LP(n,\x\- a p) 

\L<*(Sl,\x\- a P) 



a.(n — dp) 

2 - \\ Dv e\\L»(a.\x\-»p) = 0(e^p~) fora = l,2,p-2,p- 1; 



? II?; \\ p 

°- W Ue \\LP{n,\x\-i a +^p+ c ) 



' ( £ (n-d P )/dj if c> (n-p- ap )/(p-l) 
0( e (n-*)/«*|l oge |) if c = (n-p- ap)/(p- 1) 

(p— l)(n — dp)(re + c— (q + l)p) 

0(e dp(n-p-ap) ) j/c < (ra — p — ap)/(p — 1) 



The proof of Lemma [5. II is given in the Appendix B. 

In the case where a > 0, 1 < p < n, the results in |HTj and jCCj show that the 
minimizers of S(a, b) are symmetric and given by ()1.9|) . Combining Theorem 14.21 
and Lemma f5. II there is the following existence result: 

Theorem 5.2 Let Q C M n be an open bounded domain with C l boundary and 

e fi, 1< p < n, 0<a<^£, a < 6 < a + 1, q = p*(o,6) = d = 

1 + a — 5 G (0, 1], c < (n — p — ap)/(p — 1), and < A < Ai. Then there exists 
a nontrivial solution u G T>\ ,p {Vt) to problem M.l)) . 

Proof. It is trivial that functional 

E x (u) = - [ \x\~ ap \Du\ p dx - - [ \x\- bq \u\ q dx - - [ \x\- {a+1)p+c \u\ p dx 
P Jn ' Q Jn P Jn 

satisfies the geometric condition of the Mountain Pass Lemma without (PS) con- 
dition due to Ambrosetti and Rabinowitz IARI . From Theorem 14.21 it suffices to 
show that there exists a minimax value c < -S(a, b) 3p . In fact, we will show that 
max E\(tv e ) < ^S(a,b) 1 p for e small enough. Let 

g(t) = E x {tv £ ) 

t p r t q r \t p r 

1 '- ap \DvJ p dx / \x\- bq \vJ q dx / \x\- {a+l)p+c \v F \ p dx 



\x\ 

V Jn Q. Jn V Jn 

t p f , , ,„ . t q Xt p 



\x\ 



ap \Dv £ \ p dx / \x\- {a+1)p+c \v F \ p dx. 



P Jn q P Jn 
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Since < A < Ai, there holds g{t) > when t is close to 0, and lim g(t) = — oo 

t^oo 

if d — 1 + a — b G (0, 1], q — p*(a, b) — > p. Thus g(t) attains its maximum 
at some t £ > 0. From 

g \t)=t p - 1 ( [ \x\- ap \Dv £ \ p dx - t q ~ p - X f \x\- {a+1)p+c \v £ \ p dx) = 0, 
there hold 

te=(J \x\- ap \Dv £ \ p dx - X J \x\~ {a+1)p+c \v £ \ p d x y /{q 2) 

and 

g(t £ ) =(---)(( \x\- ap \Dv £ \ p dx - X j \x\- {a+l)p+c \v £ \ p dxy' {q ~ 2) 



n-dp (p-l)(ra-dp)(n-(a + l)p+e) 

' " ' 1 1 1 , ■ <r ' - 

p-1 

±S(a, b)%+ 0{e^) - 0(e (n ~~ dp ^ d \ loge|) if c = ^fe. 

Note that for c < (n - p - ap) /(p - 1), there holds ^ > (p ~ 1)(n d ;ffi;:^+ 1)p+c) . 
Thus for e small enough, there holds that g(t E ) < -S(a,b) d p . ■ 

In the case where p = 2, combining Theorem 14.31 and Lemma f5. 11 there is the 
following existence result: 

Theorem 5.3 Let = B 1 (0) is the unit ball in W 1 , -oo < a < a < b < 
a+1, q = 2*(a,b) = d = 1+a-b G (0, 1], c < (n-2-2a), andO< X< Ai. 

Then there exists a nontrivial radial solution u G Vl' 2 R (Q) to problem M.l\) . 

Proof. It is trivial that functional 

E x (u) = l f \x\- 2a \Du\ 2 dx - - f \x\- bq \u\ q dx - - f \x\- 2{a+l)+c \u\ 2 dx 
2 Jn Q Jn 2 J n 

satisfies the geometric condition of the Mountain Pass Lemma without (PS) con- 
dition due to Ambrosetti and Rabinowitz |AR| . From Theorem 14. 3[ it suffices 
to show that there exist a minimax value c < ~Sr(ci, b)^. In fact, the same 
process in Theorem 15.21 shows that max. Ex(tv £ ) < ^Sr(cl, b)^ for e small enough 

for c < n — 2 — 2a. ■ 

From the result in |CCj . that is, S(a,b) = Sn(a,b) for p = 2, a > 0, Theorem 
14.21 and the proofs of Lemma 15.11 and Theorem 15.21 imply that 
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Corollary 5.4 Let C M. n be an open bounded domain with C boundary and 
e fl, < a < f , a < b < a + 1, q = 2*(a, b) = d=l+a-6G 
(0, 1], c < (n — 2 — 2a), and < A < Ai. Taen there exists a nontrivial solution 
u E Vl' 2 (n) to problem / TO) . 

Remark 5.5 The results for the case where a > 0,p = 2 had been obtained in 
f77^/ and JOT for a = 0,p = 2. tae resets /or tae cases where a < or 
p ^ 2 aaa 1 not freen covered there. 
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A Appendix A 

Proof of Theorem 13. 21 Let {g £ } be a sequence of C 2 {Vt \ {0}) functions 
converging to g(-,u) as e goes to + and u £ the solution of 

-drv{\x\- ap (e+ \Du £ \ 2 f p - 2 ^ 2 Du £ ) = g E , in Q 

(A.l) 

u £ = 0, on dQ, 

Then from the standard regularity results in |TPj . u e is of class C 3 (Q \ {0}) and 
converges to u in C 1,a (Cl \ {0}), for some a G (0, 1). For problem (jA.lj) . we apply 
the Pohozaev integral identitv-Lemma 13 . II in Q$ = Q\Bs(0), < 5 < dist (0, dQ), 
noting that u £ may not vanish on the boundary dBg(0) = {i £ K" : \x\ = 5}, 
or deduce directly by multiplying (|A.1|) by (Au £ — h ■ Du £ ) with A = ~ — (1 + a), 
h = x, there holds 



(A.2) 



- I div (\x\- ap (e + \Du £ \ 2 Y p - 2)/2 Du £ )(Au £ - x ■ Du £ ) dx 

= / g £ (Au £ - x ■ Du £ ) dx. 
Jn s 

Integrating by parts over Q$, there hold 

LHS = - [ \x\~ ap {e + \Du £ \ 2 ) {p - 2)/2 {Au £ - x ■ Du £ ){Du £ ■ v) da 

+ f \x\~ ap {e + \Du £ \ 2 ) {p - 2)/2 Du £ ■ D(Au £ - x ■ Du £ ) dx 
Jn s 

= -A I \x\~ ap {e + \Du £ \ 2 ) {p - 2)/2 u £ {Du £ ■ v) da 

J\x\=5 

+ [ \x\~ ap {e+\Du £ \ 2 f p - 2)/2 \Du £ \ 2 {x-v)da (A.3) 
Jan 



+ / \x 

|x|=<5 

+A / \x 



:\- ap {e+\Du £ \ 2 [ 


j(p- 


-2)/2 


\Du £ \ 


\- ap (e+\Du £ \ 2 ] 


,(p- 


-2)/2 





[ \x\~ ap (e + \Du £ \ 2 ) {p - 2)/2 Du £ ■ D(x ■ Du £ ) dx. 

J tlx 



20 Brezis-Nirenberg type problems 

Since Du £ ■ D(x ■ Du £ ) = \Du £ \ 2 + \(x ■ D(\Du £ \ 2 )), from ffXTTjl . there hold 
/ \x\- ap (e+ \Du £ \ 2 ) {p - 2)/2 \Du £ \ 2 dx 

Jo* ( A4 ) 



and 



f g £ u £ dx+ j \x\- ap (e+\Du £ \ 2 Y p - 2)/2 u £ (Du £ -u)da 

JCls J \x\=8 

- [ \x\- ap (e+ \Du £ \ 2 f p - 2)/2 (x ■ D(\Du £ \ 2 ))dx 
2 Jn s 

= - I \x\~ ap x- D((e+\Du £ \ 2 ) p/2 )dx 

= - f \x\~ ap {e+\Du £ \ 2 ) p/2 {x-v)da (A.5) 



+- [ \x\- ap {e+\Du £ \ 2 ) p/2 (x-v)da 

P J\x\=6 

--(n-ap) [ \x\- ap (e+\Du £ \ 2 ) p/2 dx, 
V Jn s 

where v is the unit outer normal vector. Substituting (jA.4|) and (jA.5|) into (jA.3|) 
implies that 

LHS = [ \x\- ap {e+\Du £ \ 2 ) ip - 2)/2 \Du £ \ 2 (x-u)da 
Jon 

+ / \x\- ap (e+\Du £ \ 2 )( p - 2 V 2 \Du £ \ 2 (x-v)da 

J\x\=8 

-- / \x\- ap {e+\Du £ \ 2 ) p/2 {x-v)da 

V J an 

-- [ \x\- ap (e+\Du £ \ 2 ) p/2 (x-v)da 

V J\x\=8 

+(A - 1) / g £ u £ dx 

+-{n-ap) [ \x\- ap {e+\Du £ \ 2 ) p/2 dx. 
P Jn K 



(A.6) 



On the other hand, there holds 



RHS = A I g £ u £ dx — I g £ x-Du £ dx. (A. 7) 



Letting e — > + , there hold 

LHS =(1--)/ \x\- ap \Du\ p (x-v)da + (l--) [ \x\~ ap \Du\ p {x ■ v) da 
V Jan V J\x\=s 

+(A-1) I gudx+-(n-ap) I \x\' ap \Du\ p dx 

(A.8) 
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and 



RHS — A / gudx — gx ■ Du dx 
'n s Jn s 



— A I gudx— I G(x,u)(x • v) da (A. 9) 

Jn s JdQ s 

+ (x ■ G x ) dx + n G(x, u) dx. 
Jq s Jq s 

From (TOl) and (TP1) . noting that G(x,u) = -\x\- b(l \u\ q + -\x\- p(1+a)+c \u\ p , there 

q p 

holds 

(1--) / \x\~ ap \Du\ p {x ■ v) da +(1--) / \x\~ ap \Du\ p {x- v) da 
V Jan V J\x\=8 



ap) j 


\x\- ap \Du\ p dx 






--I 


\x\- bq \u\ q {x 


Q J\x\ 


=s 


) / M 


~ bq \u\ q dx + A- 


Jan 





n s 1 J\x\=& V 

n — p{l + a) + c 



\x\~ p(1+a)+c \u\ p (x ■ v) da 

f \ x \-p(i+ a )+ c \ u \P dx. 
V Jan 

(A.10) 

Next, we need to get rid of the boundary integrals along \x\ — 5 in (jA.lOj) . In 
fact, let u be a solution of (jl.lj) . from the Caffarelli-Kohn-Nirenberg inequality 
()1.2|) or (jl.4|) . and Theorem 12.11 we know that 

f \x\- ap \Du\ p dx, [ \x\- bq \u\ q dx and f \x\- p{1+a)+c \u\ p dx 
Jn Jn Jn 

are finite. Therefore, by the mean- value theorem there exists a sequence {S m }, 5 m — > 
+ such that integrals 

[ \x\- ap \Du\ p (x-v)da, [ \x\- bq \u\ q (x-v)da, [ \x\- pi - l+a)+c \u\ p {x-v) da -> 

J\x\=S J\x\=8 J\x\=S 

as m — >• oo. Thus, letting m — > oo and noting (|A.2jl . we obtain (|H.5jl from (|A.10|1 . 
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B Appendix B 

Proof of Lemma 15. 1L 1. It is easy to see that 



Du £ (x) 



DU £ (x) if |ar| < R, 

U £ (x)D?p(x) + ip(x)DU £ (x) HR< \x\ < 2R 



x 



dp(n-p-pa) 



.25- i ,2- 



dp(n-p-ap) 



if \x\ > 2R 
n — p — ap 

P 1 fg _|_ |/^| (p — l)(n — dp) j dp (P — l)( n — c ^P) 

U e (x)Lhf)(x) + ip{x)DU £ {x) ifR< \x\ < 2R 
if \x\ > 2R, 



J 

Jn 



\DUe\ P 

\x\ a P 



dx =0(1) 



\DU e \* 



\x 



\x\<R 



dp 
p 



dx 



\x 



a p 

1 



and 



Thus, there holds 



| x |6g 



= 0(l) + S R (a 1 b) — k(e)-f 
dx = 0{l) + S R {a,b)^-pk(e)- q . 



\\Dv £ \\l 



\\Du £ \\v 



Lp{n,\x\- a p) 



Lp{n,\x\- a p) 



\Li(n,\x\- b i) 



if \x\ < R, 



Q(l) + S R (a,b)—pk(s)-P 

0(l)+S R (a,b)^k(e)-P 

S R (a, b) + 0{k{e)P) = S R (a, b) + O^-^' 11 ). 



2. A direct computation shows that 

\DU e \ a 



\Du £ 


a 




X 


ap 



dx = 0(1) 



0(1) 



x\<R 



\x\<R 

,n — p — apy 
y p- 1 ' 



x\ a P 



dx 



\x 



a—ap 



dp(n-p-pa) an f„ dp(n-p-gp) 

\ (p-l)(ra-dp) ' 



R a gp I n 1 a(2 d P("-P-°P) ) 

n — p — ap^a r ip-i)(.n-d P ) > 



P 1 (s ~\~ \x\ (p _1 )( n - d J>) ) <*p |a; 

Jo P - 1 

/nm . ( n-p-ap, a 

J9 — 1 



R 



dp(n-p-pa) an 
(6 ~\- T (P _1 )( n_d P) ) d P 



dr 



g gp I n 1 a(2 dp(n-p-ap) ) n(n-p-ap) 
rp * (p— 1) (n— dp) ' (p — l)(n — dp) 
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and the order of r in the integrand is 

dpin — p — ap) a(n — p — ap) 



a — ap + n — 1 — a(2 



np — n + a — an — ap 2 + ap + aap 



p-1 

for a — 1, 2,p — 2,p — 1. Thus 



(p — l)(n — dp) (p — l)(n — dp) 
1 > -1 



Jn \A ap 



and 



II^IIl 



\\Du 



£\\L a (n,\x\- a p) 



L a (Q,\x\~ ap ) 



0(1) 



0(l) + S R (a,b)™k(e)-° 

ot(n — dp) 

= 0(k{e) a ) =0(e^-). 



3. If c = (n — p — ap) /(p— 1), then there holds 

f \ x \-(°+Vp+c\ Us \p dx =0(1)+ / 
Jn J\ol 



dp(n-p-pa) n-dp , .. 

\x\<R (5 _|_ x (p-i)(n-d P ) j— — ^ (a+l)p- 



r rt-l-(a+l)p+c 



0(l) + uj n f ' dp( „_ — dr 
>/o (e + r (p- !)(«-*) )^~~ 

(p-l)(n-dp) 
Re dp(n-p-pa) ^„_ 1 _( a+1 ) p+c 

Oil) +W n J7 ; rfr 

V / " I dp(n-p-pa) n _£jp 

JO (1 _|_ r (p-l)(n-dp) )— d— 
(p-l)(n-dp) 
ife dp(n-p-pa) 



-dr 

= 0(l) + 0(|toge|). 



Then there holds 



II?/ F 

I np II " , elliP(n,|x|-(°+ 1 )f+ c ) 

~~ 11,. 

0(l) + 0(|loge|) 



C(l) + ^(a,6)^A;(£)-f 

0{k{e) p \ \oge\) = 0(e (n - dp)/d \ \oge\). 
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If c > (n — p — ap) /(p — 1), then there holds 

f \x\- (a+1 ^ +c \u £ \ p dx =0(1)+ f 
Jn J\a 



. i dp(n-p-pa) n _ d 

x\<R ( £ _|_ \ x \ ( P -i)(n-dp) \ —3— x (o+l)p- 
-R n-l-(o+l)p+c 



da; 



/•-ft ^n-l-la+ijp+c 

= 0(l)+u n 77 5 dr 

V y / dp(n-p-pa) n _ dp 

JO ( £ _|_ r (p-l)(n-dp) j— 5— 

< 0(1) + c n /" V 1 "^ 1 ^* 2 ^ dr 
Jo 

= 0(1), 



the last equality is due to that n — 1 — (a + l)p + c — E(lLJL-gp) > — 1 if c > 
(n — p — ap) /{p — 1). Thus there holds 



7/ P 

u,£ llLP(a,|x|-( a + 1 )p+ c ) 



e llL9(f2,|a;|- i, 9) 

0(1) 



0(l) + S R (a,b)— P k(e)-P 
= 0(k(e)P) = 0{e^ n - d ^/ d ). 



If c < (n _ p _ ap )/(p _ 1), theu -S^E + („ - ( a + l) p + c) fegfeg < aud 



dp(n— p— ap) 

^) ^ _1 time thoro t,r>lrl 

p-1 

1 



n - 1 - (a + l)p + c - p( "^7 ap) < -1, thus there hold 



f M-i^P+^uJP dx = 0(1) + [ j— 

/ 1 1 1 fc| V 1 I , dp(n-p-pa) n _ dp , .. , , 

Jn J\x\<r (5 _|_ | x | ( P -i)(n-dp) )~r~ \x\y a+1 )P- c 

n-dp^, , , ^ , , (p-l)(»-dp) /"°° r 7l-l-(a+l)p+C 

= 0(1) + a; w£ -^ +(w - (a+1)p+c) W(A- aP ) / r —— l dr 

\ I » I dp(n-p-pa) n _ d „ 

Jl (1 _|_ r (p-l)(n-dp) )— 5— 

= o(^^ +(n - (a+1)p+c) ^^r), 



(ia; 



and 



7/ r 

I up H"' e Ni,p(fi,|x|-(°+ 1 )p+ c ) 



0(£ -^+(n-(a + l)p+c) ^iffi ) 

0(l) + ^(a,6)^A;(£)-P 

(p-l)(ra-dp)(n-(a + l)p+c) 
= 0(£ dp(n-p-ap) J_ 



